Abstract-This tutorial reviews the recent research on fiberbased phase-sensitive amplifiers (PSAs), and describes how they can be used in transmission systems. We describe the fundamentals of parametric amplifiers, their history, and their basic properties. Special emphasis is given to the noise properties and their implementation in transmission systems. The copier-PSA setup is described and compared to phase-insensitive links, and we describe the challenges in implementing these systems. Finally, we describe the polarization properties of vector PSAs, and the PSA use in compensation of nonlinear distortions.
I. INTRODUCTION
C APACITY is one of the more over-used and lesserunderstood words in the fiberoptics community. Engineers often use it as a quality metric or goodness number to denote the data rate of a transmission system, or even in some cases the product of a system's length and data rate. "How can we increase systems' capacity?" is often heard. For the communication theoretician, however, Shannon's capacity is a mathematically precise and well-defined concept, namely the maximum data rate (or spectral efficiency) a given communication channel can convey with arbitrarily low bit error rate. Thus, for a given system or link it is an upper bound that cannot be increased, and to "increase capacity" does not make sense. Rather what engineers mean is to increase the throughput, or data rate, of practical systems, thus coming closer to the Shannon capacity (which is actually unknown in most practical links).
There are, generally speaking, three ways of increasing the throughput: r Higher order (or higher spectral efficiency) modulation formats that more efficiently utilize the available link resources, i.e., bandwidth and signal to noise ratio, SNR.
r More channels in parallel, e.g., time-, wavelength-or spatial multiplexing.
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In this paper we will review the research on Phase-Sensitive Amplifiers, PSAs, as an approach to the third item in this list. We will quantify, experimentally and theoretically, how much the use of PSAs can improve the SNR, and at what costs in terms of complexity and bandwidth.
A. Background and Motivation
With the introduction of the remarkably successful Erbiumdoped fiber amplifier (EDFA) in the late 1980s, [1] the role of optical amplification in fiber communications became firmly established. This changed fiber link design profoundly, by making optical, rather than electrical, noise the dominant noise source.
In the wake of (but actually predating) the EDFA were the other fiber-based amplifier schemes using nonlinearities, e.g., Raman amplifiers [2] (based on stimulated Raman scattering [3] in fibers) and parametric amplifiers [4] (based on fiber four-wave mixing, FWM). The many benefits of the EDFA, however (high gain, polarization independence, wide optical bandwidth, slow response which relaxes intersymbol crosstalk), quickly made it the amplifier of choice in fiber communications. Nonetheless Raman and parametric amplifiers have stayed in research focus (and in the Raman case also seen commercial success, although mostly in certain niche products, e.g., long submarine single-hop links). Parametric amplifiers have had much less commercial success, although have been very popular in research due to a few unique properties, e.g., their being unidirectional, unipolarizational, ultrafast (fs response), and power conserving. However, the main reason for the current interest and this tutorial, is the ability to operate in phase-sensitive mode. This is important, since a PSA adds much less noise than a conventional phase-insensitive amplifier (PIA) at the same gain. Thus the inclusion of PSAs in optical systems may give an ultimate limit for lumped amplified links in terms of achievable signal to noise ratio. The drawback is the complexity stemming from the requirement of phase matching a number of waves at each amplifier, and the extra spectrum consumed by idler waves.
This tutorial is an extension of the corresponding presentation at the European Conference on Optical Communications in Valencia, 2015 [5] . Even if some derivations and material appear here for the first time, most of the central results have already been published in the scientific literature, and I will try to cite appropriate sources, with ambition to be extensive, but not complete. I will also limit the discussion to fiber-based χ (3) -devices. There is a plethora of work on PSAs on other platforms, mainly based on the χ (2) nonlinearity that will be glossed over, or only briefly mentioned.
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The organization of this paper is as follows. In Section II, a brief history of PSAs and parametric amplifiers in general and in fibers in particular will be given. Section III will discuss fiber FWM from a fundamental perspective leading to the work on parametric amplifiers and the various flavors of these that exist. In Section IV we will present the mathematical theory of FWM in fibers, and in Section V the 2-mode PSA and the coherent superposition. Section VI describes the PSA noise properties, both from a semiclassical and a quantum mechanical perspective, and Section VII the copier-PSA setup that has been used in recent experiments, including the polarization properties and nonlinear tolerance. A couple of appendices contain supporting material and derivations.
II. HISTORICAL OVERVIEW
The area of nonlinear optics was born soon after Maiman's first laser experiment [6] by the work by Franken et al. [7] who demonstrated second harmonic generation in a quartz crystal. Soon thereafter Armstong et al. [8] discussed the possibility of nonlinear frequency mixing, including effects such as frequency conversion, harmonic generation and parametric amplification. Much of this early work was on second order nonlinearities, however. The first experimental work on four-wave mixing in third-order nonlinear media was carried out by Maker and Terhune in 1965 [9] . Soon after the introduction of the low-loss fiber in the early 1970s, it was realized that fibers are an ideal platform for the study of nonlinear phenomena, due to the low loss and long interaction lengths. The first four-wave mixing experiment was, however, conducted in a multimode fiber [10] , where the modal dispersion enabled phase matching to be realized (the dispersion in single mode fibers was too high for the available (visible) wavelengths at that time). FWM in a single mode fiber was observed by Hill et al. in 1978 [11] , using visible lasers, but with small frequency detunings that were nearly phase matched and thus observable. The development of lasers with longer wavelengths in the early 1980s enabled operation in the low-dispersion regime around 1.3 μm of single mode fibers, and then Washio et al. [12] , [13] finally observed FWM with relatively large bandwidth using a similar configuration (pump close to the zero-dispersion wavelength, surrounded by signal and idler) that we use today. In 1985, Pocholle et al. explored FWM for fiber optic amplification [4] .
The theoretical understanding about squeezed quantum states, i.e., quantum states with unequal uncertainties in the two quadratures, was present early [14] but the classical treatise by Yuen [15] is probably the most influential paper in this context. Yuen and Shapiro then proposed to use squeezed states of light for information transfer in a series of papers [16] - [18] . The seminal work by Caves 1982 [19] established the well known noise figure limits for phase-insensitive and phase-sensitive amplifiers to 2 (3 dB) and 1 (0 dB), respectively. The squeezing research was reviewed by Walls in 1983 [20] and it was an active area of research during the 1980s. The role of squeezing, its relation to photodetection and the fact that parametric amplifiers can be used to realize these states were also the focus of the nice overview by Yamamoto and Haus [21] . The first reported observation of squeezing came in 1985 by Slusher et al. [22] , based on four-wave mixing in a beam of Na atoms. Around the same time squeezing, manifesting as quadrature attenuation of quantum noise, was reported by Levenson et al. [23] using FWM in a fiber. Slightly later the first phase-sensitive gain in an optical fiber was observed by Bar-Joseph et al. [24] . In 1993 Levenson et al. [25] observed the first optical amplification (in a KTP crystal) with a noise figure below the 3 dB limit. Marhic [26] used a fiber Sagnac interferometer to realize parametric gain via degenerate FWM, and a similar structure was used by Imajuku et al. in 1999 [27] , who reported the, then, first χ (3) -based parametric amplifier with a noise figure of 1.8 dB.
Around the year 2000, there were no real reports on FWMbased parametric amplification with significant gain in optical fibers, and there were two reasons for this. One was that stimulated Brillouin scattering (SBS) prevents high powers of continuous-wave (CW) pump light to be injected in the fiber. Previous experiments had "cheated" by using pulsed pumping, which would not be acceptable in a real communication system. The second was lack of suitable fibers: dispersion-shifted fibers had to be used, since the available high power EDFAs forced use in the 1550 nm region, but they had to be relatively long (several kms). Thus it was a bit of a surprise when Hansryd et al. [28] , [29] reported the first CW-pumped fiber-based parametric amplifier with a gain of 20 dB. This fiber-optic parametric amplifier (FOPA) was made possible thanks to a new type of highly nonlinear fiber (HNLF) with almost ten times higher nonlinear coefficient than the standard single-mode fiber, together with low dispersion in the 1550 regime. This makes the HNLF, even today, one of the most attractive platforms for parametric processing. The SBS was suppressed by a broadband phase modulation of the pump. This pump phase modulation has some unwanted effects, such as idler spectral broadening and it is generally deleterious (but no fundamental obstacle) when realizing phase-sensitive amplifiers. However, recently such a fiber, with an induced strain gradient to suppress SBS, enabled phase-modulation-free CW pumping with 10 dB gain [30] .
The first decade of the 21st century saw a lot of work on parametric amplifiers, initiated by the availability of the HNLF. Amplifiers with gains as high as 70 dB were reported [31] , as well as bandwidths over 100 nm [32] . In 2005, Tang et al. [33] , demonstrated phase-sensitive gain in a HNLF by first generating three phase-locked waves in a conventional phase-insensitive FOPA, and then injecting these into a second FOPA, which now became phase-sensitive. The phase-sensitive nature was elegantly manifested as wavelength oscillations of the FOPA noise spectrum by inserting a dispersive fiber between the two FOPAs. This was the first realization of the copier-PSA-scheme, that we will discuss more in Section VII. A number of important theoretical contributions to FOPAs and PSAs were published around this time as well; notably by McKinstrie who analysed phase-sensitive amplification classically [34] , as well as quantum mechanically [35] - [37] . Also Marhic et al. contributed significantly, e.g., with work on the FOPA gain spectrum [38] , [39] . Michel Marhic, who tragically passed away in 2014, also published the first book [40] on parametric fiber devices in 2008.
As phase-based modulation such as binary and quaternary phase-shift keying (BPSK, QPSK) became increasingly interesting for optic communications in the years after 2000, so became schemes to regenerate the optical phase of, e.g., binary phase-shift keying data, BPSK. In a series of papers by Croussore et al. [41] - [43] phase regenerators were realized and evaluated, being among the first PS devices to gain traction in the community. These were based on interferometric, degenerate parametric fiber devices. Before describing the further developments, we will take a step back and describe the physical foundations behind fiber four-wave mixing.
III. THE KERR EFFECT AND FOUR-WAVE MIXING
There are two nonlinear effects in fibers that are significant, electrostriction and the Kerr effect. Electrostriction induces mechanical stresses proportional to the optical power, that affect the refractive index, and in turn the light itself. In fibers it is responsible for, e.g., stimulated Brillouin scattering and the acoustic pulse interaction. It is not central for parametric amplification (either than indirectly, in limiting the CW pump power via SBS), so we will not discuss this effect further.
The Kerr effect is the power dependence of the refractive index and it is responsible for soliton effects, four-wave mixing, self-and cross-phase modulation (SPM, XPM). It is central in fiber communications since it distorts the waveform, thus limiting the signal power and the achievable signal to noise ratio. The Raman effect can be interpreted as a delayed response of the (otherwise instantaneous) Kerr effect [44] . Here we will use the nonlinearity constructively, in fibers tailored to maximize the four-wave mixing over the other nonlinear phenomena to realize parametric amplification.
Paradoxically it is the linear properties of the fiber that determines the manifestation of the nonlinearities. If we want four-wave mixing to dominate, we need a fiber with low dispersion and carefully selected wavelengths. The HNLF, with a nonlinear coefficient γ ≈ 15 (W·km) −1 and a dispersion-zero around 1550 nm is ideal for this purpose, whereas, for example, a standard SMF has too high dispersion at 1550 for FWM to dominate over SPM and XPM in the C-band.
In the following we will give two alternative descriptions of FWM, based on classical physics and quantum mechanics, respectively, inspired by Shen [45, Ch.14] .
A. Classical Picture
All Kerr-effect-induced phenomena (including soliton formation and FWM) can be qualitatively understood via the induced refractive index. In fibers the refractive index increases with the instantaneous intensity of the light. If two waves with different frequencies (ω 1 and ω 2 ) co-propagate in such a medium they will interfere and create a moving grating, from which a third wave ω 3 may scatter, thereby generating a fourth wave at ω 4 -hence the name four-wave mixing. The fourth wave will be generated at a frequency that is Doppler-shifted from the scattering wave, at the frequency ω 4 = ω 3 + ω 2 − ω 1 . For the process to be efficient also the corresponding Bragg condition β 4 = β 3 + β 2 − β 1 must be satisfied, where β k are the propagation constants of wave k. This is also commonly referred to as the phase-matching condition. Note that both the Doppler and Bragg conditions needs to be fulfilled for FWM to be effi- cient, and for a given dispersion relation β(ω), both conditions are not generally satisfied. However, around the zero-dispersion wavelength they are. This is the classical picture of FWM, and it is very useful also in understanding the polarization properties, which we will discuss in Section VII-C below.
B. Quantum Mechanical Picture
The quantum mechanical picture is deceptively simpler: two "pump" photons ( ω 2 and ω 3 ) are elastically annihilated and two new photons, "signal" and "idler" ( ω 1 and ω 4 ) are created. Photon energy conservation
leads to the Doppler shift discussed above, and photon momentum conservation
gives the Bragg formula. Photon number conservation will also help us understand some details in the later analysis, (power conservation and the Manley-Rowe relations). Obviously no energy or momentum is lost to the medium by this process and hence it is referred to as an elastic scattering effect (in contrast with Brillouin or Raman scattering that lose power to the medium and are called inelastic scattering processes). In most examples there are two strong pump waves ω 2,3 , a weaker signal wave ω 1 , and a generated wave ω 4 . In the following we will refer to them as pump, signal and idler waves, respectively.
C. Parametric Amplification
Four wave mixing is thus the conversion of photons (energy) between different frequencies (or wavelengths) in an elastic (energy preserving) manner. One may use this energy transfer for different purposes, e.g., amplification, phase conjugation or wavelength conversion of data in optical links, but we will focus on the parametric amplification. We will then assume a configuration with intense, undepleted pump waves, that transfer energy to the weaker signal and idler waves. Depending on how many signal and idler frequencies (also called complex modes) that take part in the conversion, we talk about 1, 2 or 4-mode processes [35] , [46] . Note that the process always contain four photons, two signal/idler photons that are created and two pump photons that are annihilated. If a mode takes part twice we call the process degenerate. In the following we describe the various configurations that have appeared in the literature.
a) 1-Mode Processes:
Here the signal and idler waves are degenerate, and the pumping can be either degenerate with the signal idler as in Fig. 1(a) , which bears resemblance to coherent detection (or interference) where the local oscillator has the role of a pump. Experiments using this scheme are usually interferometric, where signal and pump enter in different directions so they can be distinguished, see for example [26] , [41] , [47] . Alternatively, the pumps are non-degenerate as in Fig. 1(b) . This scheme was used, e.g., in the phase regenerator inplemented in [48] .
b) 2-Mode Processes: To have distinct (non-degenerate) signal and idler waves is very common, and useful in many applications such as wavelength conversion or phase conjugation. Three different processes can arise [35] , as shown in Fig. 2 . If the pump is degenerate we have the modulational instability (MI) 1 process, Fig. 2(a) , which is undoubtedly the most common configuration in experiments. It owes its name from the research on soliton creation and nonlinear instability analysis, which showed that a single intense pump wave in the anomalous dispersion regime is unstable and will lose power to symmetric sidebands [49] , [50] . Its photon conversion is described by 2ω p = ω s + ω i . The same will happen if the pumps are nondegenerate, as in Fig. 2(b) . This process is referred to as the phase-conjugation (PC) process, since the generated idler spectrum will become a mirror image of the signal spectrum (this also happens for the MI idler spectrum), which in the time domain corresponds to a phase conjugation operation. It is described by ω p1 + ω p2 = ω s + ω i . The MI and PC processes differ only in that PC has degenerate pumps. This difference may however have profound consequences for the gain spectrum. The scheme has been studied theoretically in [51] , and experimentally in [52] , and earlier in a modulational instability context in [53] . The third process, shown in Fig. 2(c) , is the Bragg scattering (BS) process, described by ω p1 + ω s = ω p2 + ω i . It differs significantly from the MI and PC processes by not being an amplification process, but causing the signal and idler waves to change place, like in a directional coupler. It is also possible to realize BS where ω s and ω p2 changes place in Fig. 2(c) , so the two pumps are close to each other on one side of the dispersion zero with the signal and idler on the other side. This so-called "wavelength exchange" scheme was studied by Wong et al. in a series of experiments [54] , [55] . A practical difficulty is to have BS dominating. The MI and PC processes are usually stronger and can easily disturb the BS wavelength exchange process.
c) 4-Mode Processes:
A situation where MI, PC and BS act simultaneously (as they will in practice) is referred to as a 1 Also the term modulation interaction is used synonymously. 4-mode interaction scheme as shown in Fig. 3 and studied in [51] . If all four signals are present at the input a phase-sensitive 4-mode amplifier is realized, and the first such was recently demonstrated by Richter et al. [56] and by Tong et al. [57] .
IV. FIBER OPTIC PARAMETRIC AMPLIFIER THEORY
This section will describe the basic assumptions and underlying theory for fiber four-wave mixing.
Light propagation in optical fibers is remarkably well described by the nonlinear Schrödinger Equation (NLSE), in a slightly generalized form with all dispersive orders as
where β(ω) is the dispersion relation for the fiber, ω 0 is the carrier frequency, the independent variables z is the fiber length, and the local time is t. As written, β(ω 0 − i ∂ ∂ t ) should be interpreted as a differential operator, defined by the Taylor expansion of β around ω 0 . The field amplitude u(z, t) is chosen so that |u| 2 is the propagated power in Watt units. The nonlinear coefficient γ is around 15 (W·km) −1 for HNLFs. Losses are neglected as we consider propagation only over a few 100 meters of HNLF. The main approximations leading to (3) is (i) the weakly-guiding approximation (leading to a purely transverse field vector with linearly polarized (LP) modes) and (ii) the assumption of unidirectional propagation (also known as the slowly varying envelope approximation), and (iii) no nonlinear response times shorter that around a ps (if so the nonlinear term need to be modified to include the Raman response function, and possibly other nonlinear modifications). We also assume a scalar field with no polarization effects. See, e.g., [44] for more details around the derivation of (3).
The next step is to consider the propagation of three waves, a pump symmetrically surrounded by a signal and an idler wave, i.e., u = u p exp(iω p t) + u s exp(iω s t) + u i exp(iω i t), where 2ω p = ω i + ω s . We assume CWs, so that u p,s,i (z) are functions of z only. After inserting this into the NLSE we collect terms oscillating at the three separate frequencies, and neglect the others. The result is the coupled system
where β p,s,i are the respective propagation constants for the three waves and
is the total power. The system (4)-(6) was analyzed in detail in [58] , but it is noteworthy that the corresponding (and very similar) system for three-wave interaction in χ (2) -media was thoroughly analyzed already by Armstrong et al. [8] . In short, the system has two obvious conserved quantities, the total power, P , and the power difference between the signal and idler waves
If we interpret "power" as photon flow (photons per second), the invariance of P and C follow immediately from the quantum description (1), i.e., all pump photons are converted to signal and idler photons, and signal and idler photons are always created together. The invariant (8) is called the Manley-Rowe invariant, after its discoverers in the context of electric parametric amplifiers in the 1950s [59] . In a later note, Weiss [60] pointed out the simple quantum interpretation. It is probably less obvious that the system (4)- (6) has a third conserved quantity, the Hamiltonian, so the problem can be formulated as a Hamiltonian system, which can be integrated and solved explicitly in terms of elliptic integrals and Jacobian elliptic functions [58] , [61] .
However, to get a more intuitive solution for the smallsignal gain, it is customary to apply the undepleted-pump approximation, applicable as long as the pump power is much larger than the signal power, i.e., |u p | 2 = P p |u s,i | 2 . Then (4) for the pump can be approximately solved as u p (z) = P p exp(i(β p + γP p )z). After inserting this into (5) and (6), and peeling off the phase via the substitution u s,i = e s,i exp(i(κ + β s,i )z) one has a coupled first-order system with constant coefficients as
Here we introduced the notation κ = γP p + Δβ/2, where Δβ = 2β p − β s − β i is the linear phase mismatch. Note that this system still conserves C, i.e., is consistent with the quantum mechanical description. By rewriting it in matrix form
where M is the coefficient matrix and
, it can be solved by standard methods (originally done in [62] ). A convenient way is to use the matrix exponential, to write the solution as
The transfer matrix K(z) can be explicitly expressed as
Here g = (γP p ) 2 − κ 2 is the parametric gain coefficient, which is maximum when κ vanishes, and this occurs when the linear mismatch balances the nonlinear phase shift. One can show that for waves in the vicinity of the zero-dispersion wavelength, this can only happen if the pump lies in the anomalous dispersion regime [38] , [63] . Interpreted as MI, this condition was pointed out already in [49] . The maximum parametric gain (for κ = 0) equals G = cosh 2 (γP p z), and we will refer to it as the phaseinsensitive gain, since it is the gain the signal wave gets when no idler is present at the input. It grows exponentially with the nonlinear phase shift γP p z. If the pump lies exactly on the zerodispersion frequency so that the linear mismatch Δβ vanishes, the transfer matrix reduces to
which is linear in the nonlinear phase shift. The corresponding parametric gain is quadratic in the nonlinear phase shift. However, this scheme has theoretically very large bandwidth that in practice will be limited by longitudinal zero-dispersion variations [63] , [64] and/or higher orders of dispersion [38] . The properties of the transfer matrix K is important in order to understand and explain the gain and noise properties of parametric amplifiers. It is often given in a general form as
where μ, ν are complex coefficients so that |μ| 2 − |ν| 2 = 1. This form of the transfer matrix for 2-mode parametric amplifiers was originally given by Yuen [15] , and we show (for what I believe is the first time) in Appendix A, that this form actually follows directly from the Manley-Rowe invariant (8) . In other words, (16) parametrizes the set of matrices that preserve the invariant. Matrices with this property form a group, the symplectic group, which means that the product of two symplectic matrices is also symplectic. It is interesting to compare and contrast with the unitary group, which preserve the sum of the powers (rather than the difference) and has a similar (but not equivalent) parametrization. The symplectic property was recently discussed for parametric processes in [65] .
By inspection of the form of K in (16) we can draw some important conclusions. The phase-insensitive gain G = |μ| 2 , and the idler conversion efficiency η = |ν| 2 = G − 1. The absolute phases of the μ, ν coefficients are mostly of less interest, and in many cases it is enough to characterize the transfer matrix by the single parameter G.
V. PHASE-SENSITIVE PARAMETRIC AMPLIFIERS
If both waves (signal and idler) are present at the input, the interaction given by the matrix K above is phase-sensitive, i.e., the two waves e s,in , e i,in will be coherently superposed, as in interferometry, so the corresponding output waves will be e s,out = μe s,in + νe * i,in
In reality this is difficult to realize as it requires phase-locking between the pump, signal and idler waves. The three waves can be generated by either using a "copier," as done originally by Tang et al. [33] or by using phase-locked frequency lines from a single laser source by, e.g., external modulation, as used in the pioneering work by Bar-Joseph et al. [24] . We see directly from the transfer equations that a two-mode PSA with equal signal and idler powers will experience a phase dependent gain for the signal as
where we dropped the in subscripts. For equal input signal and idler powers, this can be written
where φ is the phase angle of μe s ν * e * i , which we can interpret as the phase difference φ = φ s + φ i − 2φ p between the pump and signal waves entering the amplifier. We can take the pump phase to be zero, which is no restriction. Cleary this gain is maximum (minimum) for φ = 0 (φ = π). It is straightforward to show that the maximum and minimum phase-sensitive gains are reciprocal, i.e., G max/min = (|μ| ± |ν|) 2 = exp(±2γP p z). In a degenerate PSA, where the idler and the signal are the same, φ = 2φ s , and then one quadrature φ s = 0 of the signal will exhibit gain and the other φ s = π/2 will exhibit anti-gain (or parametric loss). In other words, one quadrature is parametrically amplified and the other is attenuated the same amount. This has also been clearly verified experimentally. The phase modulation applied to the pump, used to suppress SBS, reduces fidelity in such experiments, by limiting the parametric attenuation, but phasesensitive gains of up to 30 dB has been observed [66] .
It is also notable that in the high-gain regime μ ≈ ν ≈ √ G, and the G max = G PSA (0) ≈ 4|μ| 2 = 4G, showing the 6dB difference between the phase-sensitive and phase-insensitive gain. This is due to the coherent superposition of two waves, and it can be generalized to give N 2 -fold increase for an N -mode amplifier. For example the 4-mode PSA, has 16 times (12 dB) between the PS and PI gain. In the corresponding experiment 10.5 dB was measured [56] .
The specific eigenmodes that are amplified/attenuated may differ in various systems. For example in the 2-mode amplifier they can be linear combinations so that e s + e * i exhibits gain and e s − e * i loss. By decomposing the transfer matrix into a matrix product whose elements are defined by its eigenmodes and eigenvalues (i.e., singular value decomposition, but in this context called Schmidt decomposition and Schmidt modes) one can gain further insight into multimode phase-sensitive processes [67] - [69] .
VI. NOISE IN AMPLIFIERS
This section will discuss the noise properties of parametric amplifiers, and in particular PSAs. We will consider both the semi-classical approach, as well as the quantum mechanical.
A. Semiclassical Model
The semiclassical model of light-matter interaction means that one has a classical field formulation, but a quantummechanical model of matter. When modeling noise in optical amplification, the amplifier has spontaneously emitted photons that can be treated as additive noise, and that have (at the amplifier input) a power spectral density of half a photon per mode. From this assumption a lot of well-known results follow; for example the shot noise power spectral density and the familiar result for amplifier noise figures. The noise figure (NF) is defined as the ratio of input to output SNR (in the electrical domain, after ideal photodetection) of an optical amplifier. It is also a measure of the amount of spontaneous emission noise an amplifier adds to a signal. The derivations are deferred to Appendix B, so we will just mention the main results here.
Phase-insensitive amplifiers have a noise figure of NF PIA = 2 − 1/G, approaching 3 dB for high gain. Parametric amplifiers have, in phase-sensitive operation, a noise figure of NF PSA = 1 (0 dB) instead, because they redistribute the quantum noise unevenly between the quadratures (which is known as squeezing). The 2-mode PSA we discussed above can, however, have a NF of 1/2 (−3 dB) if only the signal wave is considered and the idler contains a conjugate signal copy. This comes from the 6 dB difference in gain between PIA and PSA as we saw above, and ultimately from the coherent superposition. This means that a PSA and a PIA giving the same gain will have ASE noise floors that differ by 6dB, as shown in the measured optical spectrum in Fig. 4 . More detailed derivations based on the semiclassical approach can be found in [46] , [70] , [71] .
B. Quantum Theory
A full noise theory for the PSA must be based on quantum mechanics, and we sketch a derivation here. As mentioned in Section II, the fundamental limits of optical amplification was established in the key work by Caves [19] and the below derivation follows [21] . In quantum field theory the two quadratures of a mode are described by operators a 1,2 that must obey the commutator relation [a 1 , a 2 ] = i/2. The commutation between two operators implies a Heisenberg uncertainty relation between the two modes. A linear amplifier with gain G 1,2 for the respective quadratures is described by
where the added noise field operators F 1,2 are necessary if the commutation relation should hold also for the output modes b 1,2 .
It is easy to see that absence of these noise fields would lead Fig. 4 . Optical spectra of a 2-mode parametric amplifier in PS and PI mode. The pump in the PI case is higher to make the gain equal, which leads to 6 dB higher noise flor for the PIA [71] . The increased noise close to the pumps for the PIA is likely due to dispersion variations along the HNLF, making these frequencies phase matched and having higher gain in some portions of the fiber.
to contradictions, e.g., arbitrarily small uncertainties violating the Heisenberg uncertainty relation. Thus every amplifier must have these additive fields. Applying the commutation relation to the output fields gives a relation on the noise field operators as
The Robertson uncertainty relation states that if two operators commute with a commutator x, their uncertainty product is |x| 2 . The uncertainties for F 1,2 is then
The noise figure is then 
For a PSA the two quadratures' gain obey G 1 G 2 = 1, and this then reduces to NF PSA = 1. For the PIA, G 1 = G 2 = G, and the derivation can be simplified by noting that the gain is the same for both quadratures, so that
This summarizes the well-known properties of the noise figures for amplifiers. More detailed discussions on the quantum mechanical properties of parametric processes (including for example the noise for the phase conjugation and Bragg scattering processes) can be found in the works of McKinstrie [35] - [37] .
It should be mentioned that also other noise sources than the above fundamental quantum noise discussed above contribute to parametric amplifiers, e.g., noise from the Raman effect [72] , pump-induced noise, excess ASE noise from the pump boosters among others [73] which can make it difficult to get closer than 1 dB within the quantum noise figure limit in experiments.
VII. THE COPIER-PSA SCHEME A powerful way to realize a PSA transmission link is to generate the idler wave in a parametric amplifier, a "copier" or "idler generator" at the transmitter [74] - [76] as shown in Fig. 5 . Then the pump, signal and idler waves will be automatically phase locked to each other, irrespective of the signal phase. This means that an arbitrary modulated signal can be phase-sensitively amplified along the link if all three waves are transmitted, and also, that several signal wavelengths can be used with their corresponding idlers and a single common pump. In three channels with QPSK modulation were amplified by a 20 dB PSA using this scheme.
A. Sensitivity Improvement
In order to obtain the 6dB of SNR improvement for the copier-PSA scheme, it is important that the noise at the signal and idler wavelengths are uncorrelated [76] , which is accomplished by the attenuation after the copier [70] , [76] , [77] . The end result is however that the copier-PSA link gets a 4-fold increase of the transmission distance, at the expense of using twice the bandwidth, as the same data occupies both the signal and the idler wavelengths [70] , [78] , [79] .
B. Nonlinear Compensation
The copier-PSA scheme has one additional, somewhat unexpected, benefit over schemes that does not co-transmit a conjugated idler wave. That is its ability to compensate nonlinear distortions from, e.g., self-phase modulation [81] , [82] or nonlinear phase noise [83] , [84] . The principle is similar to the so-called phase-conjugated twin waves [85] , where the idea is to transmit the data and the conjugate data on two parallel channels. When the two channels are superposed in digital signal processing, the nonlinear distortions will cancel out (to first order). In the copier-PSA scheme the exact same superposition takes place in the PSA, and significant nonlinear suppression can be seen. An example of a measured 16-QAM constellation is shown in Fig. 6 .
C. Polarization Properties
In most applications of the copier-PSA the pump, signal and idler polarizations are aligned, and a scalar theory used. In a vector PSA, however, the polarization properties are important. The most common scheme for vector PSAs is the non-degenerate pump scheme, as shown in Fig. 2(b) , where the two pump waves are orthogonally polarized. An obvious question then is: what will the idler state of polarization (SOP) be, if the pumps and signal SOPs are given? The answer can be understood from the classical scatter-from-gratings picture described in Section III-A. Then the idler is given by two processes: pump 1 interferes with the signal and scatters pump 2, and vice versa. In terms of Jones vectors, the idler SOP will be given by
where J p1,p2,s,i are the four Jones vectors and H denotes conjugate transpose. In matrix form one can write J * i = A * J s , where the matrix is given by
The transfer matrix for vector PSA interaction then generalizes to
The geometrical interpretation of this scattering is shown on the Poincaré sphere (in Stokes space) in Fig. 7 . The orthogonally polarized pumps (antiparallel in Stokes space) are normal to a surface in which the signal and idler SOPs are mirrored. This generalizes a theory of Marhic [86] , who considered the special case J p1 = (1, 0) t , J p2 = (0, 1) t . Note that the signal and idler are orthogonal to each other only when they are copolarized with the pumps, but not in the general case, which is a common misconception.
To conclude this subsection: for given orthogonal pumps and signal SOPs, the generated idler SOP will be the signal mirrored in plane normal to the pumps. This set of SOPs are generated in the copier. Then, for phase-sensitive interaction (coherent superposition) to take place, the signal, idler and pump SOPs in to the PSA must be aligned as shown in Fig. 7 . Only the relative orientation matter, so any polarization mode dispersion (PMD) Fig. 7 . Polarization states on Poincaré sphere for vector PSA interaction. S i,s denote signal and idler Stokes vectors, and P 1 , P 2 the pump Stokes vectors. S s and S i are mirrored in the plane (gray) normal to the pumps [87] .
that changes the relative SOPs of the four waves will reduce the phase-sensitive interaction, and must be compensated. The polarization aspects will be discussed in a coming publication [87] .
D. Transmission Experiments
In practical implementations the copier-PSA scheme is challenging as it requires full phase synchronization at each amplifier in the link, which require per-span dispersion compensation and phase tracking. Also the polarization states needs to be aligned. The pump needs to be transmitted together with the signal and idler, but must be selectively attenuated before sent in to the fiber. Then at the PSA it must be recovered, amplified and used as an intense pump in the PSA. This pump recovery scheme can be solved by injection locking [88] . The first transmission experiment using a copier-PSA implementing these ideas was reported by Corcoran et al. in 2012 [89] , who demonstrated transmission over a single 80 km span link.
In the same timeframe Umeki et al. also reported transmission experiment using PSAs, but then using a periodically poled Lithium-Niobate PSA [90] , [91] . That work is very different and not based on the copier-PSA idea. Rather the PSA is χ (2) -based, which illustrates that this scheme can (in contrast with the copier-PSA scheme) only amplify a single quadrature. On the other hand it does not require the bandwidth of the copropagating idler wave. This work was recently extended to cover also polarization division multiplexed transmission [92] .
The copier-PSA scheme was extended to a full circulating loop experiment by Olsson [93] demonstrating transmission over 3400 km. It should be noted that also the first recirculating loop experiment, based on high-gain PSAs in the copier-PSA configuration, that showed and increased transmission distance of around 4 times compared to a PIA-based link. The possibility to tolerate a nonlinear phase shift of 5.8 radians at a BER of 10 −3 , makes this demonstration one of the most nonlinear transmission experiments ever performed, while also demonstrating the potential of the PSA-based links.
The PSA was also used in a demonstration of the highestsensitivity reported [94] of 10 Gb/s OOK data, reaching a sensitivity of −41.7 dBm for a BER = 10 −9 .
VIII. SUMMARY
We have reviewed the fundamental theory and recent experiments on PSAs and PSA-based transmission. Even if PSAs enable fundamental sensitivity-limits to be reached, they are also very complex to implement, and they still have some distance to go, before being practical and commercially viable as photonic processing devices or inline amplifiers in transmission links. Rather, their role could just as well be in niche applications, such as very high sensitivity detectors or spectroscopy. From a research perspective, however, they form a very interesting playground for establishing fundamental limits of fiber optic transmission.
APPENDIX A THE TRANSFER MATRIX
This appendix will derive the canonical form of the basic 2-mode transfer matrix assuming nothing but the Manley-Rowe relation. This is easy if some basic properties of 2 × 2 matrices are given first.
A. The Pauli Matrices and 2 × 2 Matrix Algebra
Any complex 2x2 matrix M can be written as a unique linear combination of the three Pauli spin matrices and the unity matrix, which we will denote
so that M = 
Matrices with this property are called symplectic and they form a mathematical group, which means that the product of two symplectic matrices is also symplectic. Thus a cascade of phasesensitive amplifiers can be written as a single PSA. According to the previous subsection, we can write K = 3 j =0 k i σ i , and
. By inserting this expression in (33) and using the product rules for the Pauli matrices we find that the four parameters shall satisfy
We will show later that it is no limitation to put det(K) = 1, from which we find that Im(k 0 ) = Im(k 1 ) = Re(k 2 ) = Re(k 3 ) = 0, which gives the canonical form of K as
where
The condition det(K) = 1 corresponds to the well known property|μ| 2 − |ν| 2 = 1. We may finally note that if we multiply all elements in K with the same phase angle, e.g., exp(iα), it will not affect the symplectic property, but det(K) = exp(i2α). Thus K = exp(iα)K is a wider set of allowed symplectic matrices, which redeems the earlier apparent restriction of putting det(K) = 1. Thus we see that the canonical shape (originally introduced by Yuen [15] ) of the transfer matrix follows from the Manley-Rowe conservation relations [59] , or basic photon number conservation [60] . APPENDIX B THE 3 DB, 0 DB AND −3 DB NOISE FIGURES This appendix will derive the noise figure for the 2-mode amplifier in some different regimes (PIA, PSA, correlated and uncorrelated signals.) We will use the semiclassical description which is straightforward to understand for most engineers as no special background is needed. The semiclassical approach means that the vacuum fluctuations are modeled as additive Gaussian noise at any optical amplifier (and detection) input, with a variance of ω/2 per quadrature mode. Denote the input signal/idler amplitudes with E s/i,in and the output amplifier amplitudes with E s/i,out . The corresponding "powers" (proportional to the number of photons per second but in units of Watt) are |E s/i,in/out | 2 = P s/i,in/out . We will now need to calculate the electric signal to noise ratio, SNR first at the input, SNR in , and then at the amplifier output, SNR out . We assume ideal photodetection, which means unit quantum efficiency, i.e., each detected photon creates a photoelectron and the photodetector responsivity R = q/( ω). The noise figure is then defined as the ratio NF = SNR in /SNR out .
A. Photodetection and Beat Noise
Within the semiclassical approach we start in the optical domain with a signal amplitude E s and a noise amplitude n s , the latter with a corresponding power spectral density of S s = |n s | . In the photodetection process a current I = R|E s + n s | 2 is produced that has three contributions, one proportional to signal power, one proportional to signal-noise beating, and one proportional to noise-noise beating. The latter is usually small and will be neglected in this context. It can be shown that in the electrical domain, the signal-to-noise beating produces noise with variance [96] 
where Δf is the electric bandwidth. This is the so-called signalspontaneous noise beating. We emphasize that this signal-noise beating is a general result that holds for any optical noise source n s . In absence of optical amplification, the power spectral density of this noise field is given by the vacuum fluctuations, S s =< |n s | >= ω/2, and the beat noise (35) reduces to the shot noise variance σ 2 s = 2qRP s Δf . Thus, semiclassically, shot noise is interpreted as beating between the signal and the vacuum fluctuations [97] . Applying this to our input signal E s,in , we find the input signal SNR to be
This agrees with quantum field theory, as the SNR in is the number of photons in the unit time of 1/(2Δf ), an inverse Nyquist rate. Hence the input SNR equals the photon number in the input mode, as we expect from shot noise, abiding Poissonian statistics.
B. 2-Mode Amplification
The optical output signal power after the 2-mode PSA is now E out,s = (E s,in + n s )μ + (E i.in + n i )ν = (E s,in μ + E i.in ν) + (n s μ + n i ν)
where we have added the signal and idler noise fields to the amplifier input, according to the semiclassical assumption. The expectation of these noise fields squared satisfy the power spectral density |n s | 2 = |n i | 2 = ω/2, and they are uncorrelated, so that n s n * i = 0. The last equality consists of a signal field with power P s,out = |E s,in μ + E i.in ν| 2 , and a corresponding electrical power of (RP s,out ) 2 , plus an additive noise term with power spectral density of S s,out = |n s μ + n i ν| 2 = (|μ| 2 + |ν| 2 ) ω/2.
We now apply the beat-noise formula (35) 
and the noise figure is finally obtained from (36) and (40) 
C. Phase-Insensitive Amplification
We can now consider (41) in a couple of special cases. The first and simplest is the PIA, which occurs for a vanishing idler E i,in = 0, and has a gain of
Then the NF simplifies to
which is the well-known result for phase insensitive amplifiers. The well-known results for an EDFA can be obtained from this reasoning as well, by identifying the two noise terms in (39) as amplified vacuum fluctuations in the signal mode (proportional to |μ| 2 = G) and spontaneous emission noise (proportional to |ν| 2 = G − 1). Note that the shot noise is already included in this treatment, and shall not be added to (39) , as erroneously done in [98] but later corrected in [99] .
D. Phase-Sensitive Amplification
The next special case is the PSA for the signal-only, given an idler that is equal to the signal, so the gain is given by (20) , which we use in (41) 
which for high gain G = |μ| 2 ≈ |ν| 2 and maximum phasesensitive gain (φ = 0) gives NF PSA−s = 1/2 = −3 dB, which may seem unphysical, but it comes from the coherent superposition process, the fact that the idler is unused and equal to the signal power, leading and the 6 dB of gain difference between the PSA and PIA as we saw earlier and a concomitant 6 dB of difference between the NFs. This negative NF should thus not be interpreted as an improved SNR, but as 6 dB less added noise than the PIA. The idler can in this context be interpreted as an unused internal mode of the amplifier. This −3 dB NF is noted in, e.g., [36, Fig.11 ] and discussed in, e.g., [70] , [78] .
To restore some sanity we can consider both the signal and the idler power at the input, and compute the NF for the combined fields, by replacing P s,in in the expression for input SNR (36) with P s,in + P i,in , which increases (44) with a factor of 2 to NF PSA−s−i = 2 |μ| 2 + |ν|
which approaches 1 (0 dB) in the high-gain limit, as we expect for PSAs. For more detailed discussions, see, e.g., [71, Sec. IIC].
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